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In this paper, we are concerned with three topics in finite geometry which have 
generated much interest in the literature: maximal partial spreads (or t-spreads), 
translation ets, and maximal sets of mutually orthogonal Latin squares. We obtain 
large maximal sets of MOLS for infinitely many new parameter pairs by con- 
structing appropriate transversal-free translation ets which in turn belong to 
suitable maximal partial spreads. To this purpose, we first obtain some improved 
bounds on translation ets and partial t-spreads and then give a detailed study of 
the possible xtensions of a translation et of small or critical deficiency. In order 
to apply these results, we also construct maximal partial t-spreads with previously 
unknown parameters. Given any prime power q = pa, where p is a prime /> 5, we 
show the existence of a transversal-free translation et of order q2 (and hence a 
maximal set of MOLS of order q2) for each of the deficiencies d=q-1 ,  q, and 
q + 1. Finally, using results of Evans, we also obtain interesting examples of rather 
small transversal-free translation ets; in particular, we determine all transversal- 
free translation ets of order p2 and degree p + 1 for a prime p with abelian 
translation group. © 1993 Academic Press, Inc. 
1. INTRODUCTION 
In  th is  paper  (wh ich  is bas ica l ly  a sequel  to [29] )  we are concerned  wi th  
the fo l lowing three  topics  in F in i te  Geometry  wh ich  have  generated  
cons iderab le  interest  over  the years:  max imal  par t ia l  spreads,  1 cf. [3, 4, 7, 
8, 10, 12, 13, 16, 18, 20, 24, 25, 27, 29, 33] ;  t rans la t ion  nets,  cf . . [1,  8, 9, 
1 In the interest of conserving journal space, we do not define well-known concepts uch as 
nets, Latin squares, (partial) spreads, reguli, and the like. For background and the required 
definitions, we refer the reader to Beth etal. [2] and Jungnickel [31] regarding nets and 
Latin squares and to Hirschfeld [25] and Hughes and Piper [26] regarding affine and 
projective planes or spaces. 
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11, 19, 21, 22, 27-31, 37]; and maximal nets or, equivalently, maximal sets 
of mutually orthogonal Latin squares (MOLS), cf. [5, 8, 9, 14, 15, 17, 29, 
31, 32]. These three topics are in fact closely related, as we will presently 
discuss. We also use this opportunity to state some important previous 
results in this area and to mention some of the results which we obtain. 
The construction of large maximal sets of MOLS is, of course, of 
particular interest o the question of the quality of the bound in Bruek's 
[6] celebrated completion theorem for nets. While this result roughly 
states that any net of order s and degree r is imbeddable into an affine plane 
of the same order provided that its defieiency d = s + 1 - r (i.e., the number 
of "missing" parallel classes) is only of the magnitude of , ,~, the largest 
known examples of maximal nets all have deficiency about xS.  The 
following recent result due to Metsch [34] considerably narrows this gap; 
it lowers the bound required for imbeddability to about ~ and thus 
represents something of a breakthrough in this area. 
1.1. RESULT. Let D be an (s, r)-net of deficiency d=s+ 1 - r  satisfying 
3s>8d3-18d2+Sd+4-2R(d2-d -1)+9R(R-1) (d -1 ) /2 ,  (1.1) 
where R -d+ 1 (mod 3) and Re  {0, 1, 2}. Then D can be imbedded into an 
affine plane of order s. 
We refer to (1.1) as the Metsch bound. We recall that another esult of 
Bruck [6] guarantees that an (s, r)-net D has at most one completion to 
an affine plane of order s provided that D has small deficiency, i.e., that the 
deficiency d of D satisfies 
s> (d -  1)2; (1.2) 
in this case, D has at most sd transversals, and equality holds if and only 
if D is imbeddable. These results are not true for nets with critical 
deficiency, i.e., with 
s=(d-  1) 2 , (1.3) 
as shown by Ostrom [35]; his main results are summarized in Result 4.1 
below. 
The only known examples of maximal nets with small deficiency are 
provided by the following result: 
1.2. RESULT. There exists a transversal-free net of order s and deficiency 
d, provided that either 
s=q2 andd=q,  where q is a prime power (Dow [-14]), (1.4) 
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or  
s=p 2 andd=p-1 ,  wherep>~5 isaprime (Bruen [-10]). (1.5) 
If q is a prime power -2  rood 3, Johnson [-27] has proved the existence 
of a non-imbeddable net of order s = q2 and deficiency d= q - 1; however, 
it is not known whether or not his examples are actually maximal (unless 
q is actually a prime, in which case Result 1.3 belov¢ applies). 
The main result of the present paper is the construction of transversal- 
free nets of order s = q2 and deficiencies d= q - 1, q, and q + 1 whenever q
is a power of a prime p i> 5. In particular, we thus obtain the first examples 
of transversal-free n ts with critical deficiency. Regarding the case d--  q, we 
emphasize that our examples are quite different from those given by Dow 
[14], as we explain below; see Remark 3.4 for a sketch of his construction. 
In terms of MOLS, our results imply the existence of a maximal set of k 
MOLS of order s, where 
s=q 2 and ke  {q2-q -2 ,  q2-q -  1, q2_q} 
whenever q is a power of a prime p ~> 5. (1.6) 
We now explain the basic construction method that allows us to obtain 
these results. 
Following the example of Bruen [-8] who was the first author to con- 
struct unimbeddable nets of small deficiency, all our constructions rely on 
the use of maximal partial spreads (or t-spreads). We recall that any partial 
t-spread F in PG(2t + 1, q) with r components gives a net of order s--  ¢+ t 
and degree r as follows. Consider F as a collection of ( t+  1)-dimensional 
subspaces U1,...,Ur of the (2t+2)-dimensional vector space V= 
V(2t + 2, q) over GF(q), and let D be the incidence structure 
D =D(F)= (V, {U+v:  UeF ,  veV},  e); (1.7) 
then D is the desired (s, r)-net. 
In fact, D(F)  is a special type of a translation et, i.e., a net D admitting 
an automorphism group G which acts regularly on the point set of D and 
fixes each parallel class (here G = V, of course). In general, any translation 
net D can be described in a manner analogous to (1.7), 
D=D(U)=(G,  {U+v:UeU,  veG},e) ,  (1.8) 
where now G is a group of order s 2 and U a collection of r pairwise disjoint 
subgroups Ua, ..., U, of order s (i.e., one has Uic~ Uj= {0} for i¢ j ) ,  cf. 
[-28] or [-37]. U is then called a partial congruence partition or, for short, 
an (s, r)-PCP in G. To avoid trivialities, we always assume that r/> 3. 
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We note that any PCP in an elementary abelian p-group G can, of 
course, be considered as a partial t-spread in PG(2t+ 1, p) for the 
appropriate value of t. By a result of Jungnickel [29], any translation et 
of small deficiency actually has elementary abelian translation group and 
thus necessarily belongs to a partial t-spread F. However, it is not clear 
whether or not a translation et corresponding to a given maximal partial 
spread is maximal as a net. Indeed, there are examples of maximal partial 
spreads of deficiency q -1  in PG(3, q) such that the corresponding 
translation et is imbeddable into a translation plane, see [29]. Thus the 
following result of [29] is of importance, since it settles this question in 
some cases and thus indicates a source of maximal nets of small deficiency: 
1.3. RESULT. Let F be any maximal partial spread in PG(3, p), where p 
is a prime. I f F  has small deficiency (i.e., IF[ = p2 + 1 - d, where d<~ p), then 
the translation et D(F) of order s = p2 and deficiency p is transversal-free. 
Result 1.3 gives a simple way of proving (1.5) above by using 
appropriate maximal partial spreads. In Section 3, we extend this result to 
partial t-spreads over GF(p). This allows us to obtain the parameters given 
in (1.4) for transversal-free translation ets, whenever q is a power of an 
odd prime p >~ 5 and also for some powers of 2. Previously, no examples of 
such translation nets were known, unless q was a prime. Moreover, in 
Section4 we extend Result 1.3 to cover partial t-spreads of critical 
deficiency, which gives us the first examples of transversal-free nets of 
critical deficiency. To obtain these two generalizations of Result 1.3, we 
require a detailed study of the possible extensions of translation ets of 
small or critical deficiency which also gives us some results complementing 
the work of Bruck [6], Ostrom [35], and Dow [14] which are of 
independent interest. As a preliminary step, we first improve some bounds 
on translation ets in Section 2. 
Clearly, our results depend crucially on the construction of suitable 
maximal partial spreads and t-spreads. Regarding the case t= 1, the 
following recent result of Heden [24] gives examples of maximal partial 
spreads for a broad range of deficiencies: 
1.4. RESULT. Let q be an odd prime power >~5. Then there exists a 
maximal partial spread with r lines in PG(3, q) for every r satisfying 
(5q2+ l l )/8 <~ r <~ q2 -- q + 2. (1.9) 
However, though Heden's proof is constructive, it is rather involved and 
it is not at all clear whether his examples are also maximal when 
considered as a partial t-spread over some proper subfield of GF(q); in 
particular, it is not known whether the corresponding translation nets 
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might be extendable to larger translation nets. Thus Result 1.4 gives us 
transversal-free translation ets of deficiencies q - 1, q, and q + 1 only when 
q is a prime. In Section 5, we vary ideas of Bruen [7] and Beutelspacher 
[3] to present a general method for constructing maximal partial spreads 
in PG(3, q) which are also maximal when considered as partial t-spreads 
over GF(p), provided that q is a power of a prime p ~> 5. Applying this 
method to an example due to Bruen [7] then gives non-imbeddable nets 
of order s = q2 and deficiency d = q -  1 for every such q. In Section 6, we 
obtain some further examples by direct computation which yields the 
corresponding result for the critical deficiency q + 1. In this way, we obtain 
the proof of our 
MAIN THEOREM. There exist transversal-free translation nets o f  order 
s = q2 and deficiencies d = q - 1, q, and q + 1 whenever q is a power o f  a 
prime p >>. 5. Hence there exists a maximal set o f  k MOLS of  order q2 for  
k e {q2 _ q _ 2, q2 _ q _ 1, q2 _ q} whenever q is a power o f  a prime p >>. 5. 
On the other end of the spectrum, there has also been considerable 
interest in producing examples of maximal nets of small degree (i.e., of 
large deficiency). Recently, Evans [17] proved the following very general 
result: 
1.5. RESULT. Let p be a prime. Then there exists a maximal (s, p + 1)- 
net in the following cases: 
s is a power o f  p; (1.10) 
s = mp a, where p ~ m, 
provided that there exists an (m, p + 1)-net. (1.11) 
Equivalently, there exists a maximal set o f  p - 1 MOLS of  these orders. 
Evans' proof actually uses particular difference matrices with the 
parameters in question; thus it is not at. all clear whether one can obtain 
examples of transversal-free translation ets in this way. Using results of 
[ 1 ], we show in Section 7 that this is indeed the case. In fact, we can deter- 
mine all orders s for which a transversal-free translation et of degree p + 1 
(p a prime dividing s) exists. We also determine all transversal-free transla- 
tion nets of order p2 and degree p + 1 for a prime p with abelian translation 
group. 
2. SOME IMPROVED BOUNDS 
In this section, we improve some bounds on translation ets. Let D be 
a translation et of small deficiency (i.e., d< w/~+ 1), and assume that the 
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order s of D is neither 2 nor 4. As shown in [-29, Theorem 2.1], the trans- 
lation group G of D is then necessarily an elementary abelian group G of 
order s 2. We now improve this result as follows: 
2.1. THEOREM. Let D be an (s, r)-translation et with translation group 
G, where r>~3; let p be the smallest prime divisor of s; and define b by the 
condition pb 11 s (i.e., pb [ s, but pb+l ~ s). I f  the deficiency d of D satisfies 
d< pb/2(1 - 1/p) x/s, (2.1) 
then G is elementary abelian and thus D belongs to a partial t-spread over 
GF(p) for some t. 
Proof We first show that G is a p-group. Assume otherwise, and 
rewrite (2.1) as 
r> s + 1 - pb/a(1 - l /p )~7.  (2.2) 
We note that the condition r > I-x/s] + 1 (where Ix] denotes the integer 
part of x) is sufficient o force G to be a p-grou_p (see [30, Theorem 3.4]). 
Thus we would have s+l -pb /2(1 -1 /p )x /s<[ ,x /s ]+ l ;  it therefore 
suffices to show that 
x/~ >>. 1 + pb/2(1 - 1/p) (2.3) 
to obtain the desired contradiction. Since s is assumed not to be a 
power of p, we have s=pbm for some integer m~>p+ 1, since p is the 
smallest prime divisor of s. This gives x//s = pb/2 /~ > p which together 
with pb/2 <~ ~ implies l + pb/Z(1-1/p) <~ 1+(1-1" /p)x/-s = x /~+l -  
(xfls)/p < x/~, proving the validity of (2.3). This contradiction proves that 
G is a p-group (so that s = pb). If b = 1, then G has order p2 and is there- 
fore either cyclic or elementary abelian. Since a cyclic group of order s 2 
contains only one subgroup of order s (contradicting the hypothesis r >t 3), 
G is elementary abelian. We may now assume s = pb with b >~ 2. Now by 
theorems of Frohardt [19] (for p=2 and b~>3)and Hachenberger [,21] 
(for odd p and for the case p = b = 2), we have 
r <~ pb- 1 + 1 if G is not elementary abelian. (2.4) 
Now (2.4) shows that d= pb + 1 --r >~ pb-- p b l= pb/2(1 -- 1/p) XflS which 
contradicts (2.1) if G is not elementary abelian. This proves the 
assertion. | 
2.2. Remark. Note that condition (2.1) is indeed weaker than the 
assumption d< 1 + xfs  (i.e., that D has small deficiency) unless p = 2 and 
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b = 1 or b = 2. But then s is even but not divisible by 8, and we have r ~< 5 
by [30, Theorem 3.1], so that this case is not of any particular interest; we 
can always rule it out by adding the assumption that r >~ 6. In this paper, 
we are mostly interested in the case where s is a square; then b >~ 2 and we 
may obtain the following corollary of Theorem 2.1: 
2.3. COROLLARY. Let D be an (s, r)-translation net with translation 
group G, where r >~ 6, let p be the smallest prime divisor of s; and assume that 
s is a square. I f  the deficiency d of D satisfies 
d< (p - 1) ,~/~, (2.5) 
then G is elementary abelian. In particular, this conclusion holds if 
d< 2 xfs. (2.6) 
It was also shown in [29] that any affine plane A extending a translation 
net D of small deficiency has to be a translation plane (with the same 
translation group). Thus the Metsch bound of Result 1.1 immediately gives 
the following improvement of [29, Corollary 3.3]: 
2.4. THEOREM. Let D be an (s, r)-translation et with translation group 
G, and assume that the deficiency d of D satisfies the Metsch bound (1.1). 
Then D can be completed to an affine translation plane of order s. 
Metsch E34] has used this result to obtain the following improved upper 
bound on the cardinality of a maximal partial t-spread in PG(2t + 1, q) for 
those cases where q is not a square: 
2.5. THEOREM. Let F be a maximal partial t-spread of deficiency d in 
PG(2t + 1, q), where q is of the form q = p2a+ 1. Then one has 
3q '+ l<~8d3-18d2+8d+4-2R(d2-d -1)+9R(R-1) (d -1) /2 ,  (2.7) 
where R=-d+ 1 (mod 3) and R6  {0, 1, 2}. 
2.6. COROLLARY. Any maximal partial t-spread in PG(2t + l, q) has 
deficiency at least cq ('+ 1)/3, where we may take c = 0.7. 
3. THE CLOSURE OF A TRANSLATION NET OF SMALL DEFICIENCY 
Once more, let D be a translation net of small deficiency, and assume 
that the order s of D is neither 2 nor 4. Thus the translation group G of 
D is an elementary abelian group and any affine plane A extending D has 
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to be a translation plane with the same translation group G. This result 
was recently improved in [22] by showing that any net E extending D has 
to be a translation net with respect o G. We now strengthen this result 
even further by showing the following: 
3.1. THEOREM. Let D be a translation net of small deficiency 
d = s + 1 - r with translation group G, and assume that D has order s ¢ 2, 4. 
Then the number of transversals of D is a multiple of s, say ts, where t <<, d; 
adjoining all these transversals to D results in a transversal-free (s, r + t)-net 
E = E(D) which is actually a translation net with the same translation group 
G. In particular, the PCP describing E is obtained from that describing D by 
adding t further components. Moreover, the automorphism group of D is the 
stabilizer of D in the automorphism group of E. 
Proof. Obviously, G permutes the transversals of D and thus is an 
automorphism group of the incidence structure E. By a well-known result 
of Bruck [6], any two distinct transversals of D have at most one point in 
common. (A proof of this may also be found in [2].) Now let T be any 
transversal of D. As noted above, G is an (elementary) abelian group. It 
then follows from a result of Ostrom [36] (and is in fact easy to see), that 
any component U of the PCP U describing D gives rise to a parallel class 
T={T+u:ueU} of transversals of D. Now assume that T is also 
contained in another parallel class S of transversals of D. Then any other 
transversal Se  S has to meet at least one of the s -1  transversals in T 
which are different from T in more than one point, a contradiction. Thus 
T is the only parallel class of transversals containing T, which implies that 
we also have T = {T+ v: v ~ V}, where V is any other component of U; but 
then the relation G = U + V shows that G fixes T. Since T was arbitrary, we 
see that the transversals of D split into a certain number of parallel classes 
(say t) which are all fixed by G. Using once more Bruck's result quoted 
above, one sees that any two transversals from distinct parallel classes have 
to intersect in a unique point. Hence E is an (s, r + t)-net with translation 
group G; in particular, we have t ~< d. The last assertion follows from the 
obvious fact that each automorphism of D extends to an automorphism 
of E. | 
We call the translation et E(D) constructed in Theorem 3.1 the closure 
of D. We next note an important consequence of Theorem 3.1 which 
extends a result of [29] from partial spreads to partial t-spreads: 
3.2. THEOREM. Let F be a maximal partial t-spread in PG(2t + 1, p), 
where p is a prime, and let D be the corresponding translation net. I f  F has 
small deficiency d= pt+ 1 + 1 - IFI (i.e., if we have d<~ p('+ 1)/2), then one has 
E(D) =D,  i.e., D is transversal-free. 
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Proof If one has E (D)¢D,  then the PCP F describing D can be 
extended by adjoining at least one further component (i.e., a suitable 
subgroup U of the additive group of the (2t + 2)-dimensional vector space 
V= V(2t + 2, p) over GF(p)) by the previous theorem. Since p is a prime, 
U is actually a (t+l)-dimensional subspace of V, contradicting the 
maximality of the partial t-spread F. | 
3.3. THEOREM. Let q= pa be a power of a prime p >~ 5. Then there exists 
a transversal-free translation net of order s = q2 and deficiency d= q. In 
particular, there exists a maximal set of q2 _ q _ 1 MOLS of order q2. 
Proof Note that Beutelspacher [-3, Theorem 9] constructs a maximal 
partial (2a-1)-spread in PG(4a-1 ,  p); hence the assertion is immediate 
from Theorem 3.2. | 
3.4. Remark. We note that Theorem 3.3 provides the first examples of 
transversal-free translation nets of order s=q2 and deficiency d=q for 
proper prime powers q; such examples were known previously only when 
q is a prime; cf. 1,9, 29]. The existence of some transversal-free n t (but not 
a translation et) of order s = q2 and deficiency d= q has already been 
established for every prime power q >~ 3 by the following construction due 
to Dow 1,,14]: Let q be a prime power and consider the (q2, q2 q)_ne t D 
which consists of the parallel classes in common to the Desarguesian plane 
AG(2, q2) and its derived plane, the Hall plane H(q2). Then one may 
construct a parallel class T of transversals of D which contains lines from 
the missing parallel classes of both these planes. As the lines of H(q z) not 
in AG(2, q2) are Baer subplanes of AG(2, qZ), we may also say that we can 
form T by selecting some of the missing lines of AG(2, q2) together with 
some Baer subplanes. Using results of Ostrom 1,35], one may show that 
the net N obtained by adjoining T to D is transversal-free; we refer the 
reader to 1,14] for details. Since the translations of D are just those of 
AG(2, q2), it is clear that N cannot be invariant under the translation 
group of D. 
It was shown in 1-29] that any translation et D of order s = q2 and 
deficiency d=q belonging to a maximal partial t-spread (over some 
subfield of GF(q), for the appropriate value of t) is unimbeddable. In 
particular, D is unimbeddable if it belongs to a maximal partial spread in 
PG(3, q); it is still an open question whether D has to be transversal-free, 
then. This would be an entirely reasonable conjecture (in view of the fact 
that no example of a maximal net of deficiency ~< q - 2 is known and that 
the closure E(D) of D would be a translation et of considerably smaller 
deficiency by the case t = 1 of Theorem 3.5 below), but I see at present no 
way of proving such a result. In this context it should also be noted that 
a maximal partial spread of deficiency q -  1 in PG(3, q) may or may not 
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lead to an imbeddable translation et; examples for the first of these cases 
have been constructed in [29], and examples for both cases are given by 
Johnson [27]. 
3.5. THEOREM. Let q = pn be a prope? power of the prime p, and write 
n---ab, where b is the smallest prime divisor of n. Then the closure E(D) of 
any translation net D belonging to a maximal partial t-spread F of small 
deficiency d<~ qt in PG(2t + 1, q) either is D itself (i.e., D is transversal-free), 
or has deficiency D =d-z ,  where z >~ (q -  1)/(p ~-  1) >~,~fq + 1. In fact, z is 
a sum of terms of the form (q - 1 )/(pX _ 1 ) for suitable divisors x ~ n of n. 
Proof By Theorem 3.1, any automorphism group of D is also an 
automorphism group of E. In particular, the dilatation group D of D 
(i.e., the group of automorphisms 64:x~2x of V=V(2t+2,  q) with 
). ~ GF(q)*) is an automorphism group of E. Now D cannot fix any of the 
parallel classes T Of transversals of D which were adjoined in constructing 
E, since otherwise the corresponding new component U of the PCP 
describing E would be a subspace of V, contradicting the maximality of the 
partial spread F. It is easily seen that the subset 
F(T) := {2eGF(q)*: & fixes T} w {0} = {2eGF(q)*: 64U= U} u {0} 
of GF(q) is actually a (proper) subfield and thus has cardinality pX for 
some divisor x of n. Hence the subgroup of D fixing T (which is, of course, 
isomorphic to F(T)*) has cardinality at most ~% and clearly a <~ n/2. There- 
fore E contains at least (q - 1)/(p~ - 1) >/~q + 1 distinct parallel classes 
which are images of T under D. The last assertion is now obvious, since the 
orbits of D on the z parallel classes of transversals adjoined to E form a 
partition. ] 
3.6. EXAMPLE. We use the preceding theorem to provide some exam- 
ples of transversal-free translation ets of order s = q2 in the previously 
unknown cases q = 2" (with n ¢ 1). A well-known result of Bruen [7] gives 
the existence of a maximal partial spread of order s and deficiency d= q in 
PG(3, q); by the result of [29] already mentioned, the corresponding 
translation et D is unimbeddable. Moreover, Johnson [27] proves the 
existence of a maximal partial spread of deficiency d= q -1  in PG(3, q) 
which gives rise to an unimbeddable translation et D whenever q = 2 mod 3, 
i.e., whenever n is odd. We now assume n to be a prime. Then Theorem 3.5 
shows that either D is transversal-free or E(D) has deficiency D<<.d- 
(2 n - 1 )/(2 - 1 ) ~< 1, contradicting the fact that D is not imbeddable. Hence 
we have the existence of transversal-free translation ets of order s= 22n 
and deficiencies d=2"  and d= 2" -1  for n--3, 5, 7, 11, ... and of a trans- 
versal-free translation et of order 16 with d= 4. Of these examples, the 
582a/62/1-6 
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ones with deficiency d = q - 1 even give rise to maximal sets of MOLS for 
parameters not known previously: 
3.7. COROLLARY. There exists a transversal-free translation net o f  order 
s = q2 and deficiency d = q - 1, whenever q = 2 p for some odd prime p. In 
particular, there exists a maximal set of  q2 _ q MOLS of  order q2 for  these 
values of  q. 
The smallest new example thus gives a maximal set of 56 MOLS of order 
64. In Section 5, we shall construct examples with order s=q 2 and 
deficiency d = q - 1 for odd prime powers q. 
3.8. EXAMPLE. The argument given in Example 3.6 obviously does not 
carry over to prime powers pn for p ¢ 2. Still, Theorem 3.5 nevertheless con- 
siderably restricts the possibilities for the closure of D. Not surprisingly, the 
most precise alternative can be obtained for p = 3, the case where we do 
not yet obtain examples from Theorem 3.3. Thus consider a maximal par- 
tial spread of deficiency q = 3 n in PG(3, q), and assume that n is a prime. 
By the result of [29], the associated translation net D is unimbeddable. 
Thus Theorem 3.5 implies that either D is a transversal-free net, or its 
closure D(E) is a transversal-free translation et with deficiency D = q -  
(3 n -  1)/2 = (3n+ 1)/2 (with the last alternative seeming rather unlikely). 
So the case n = 2 gives a transversal-free translation et of order 81 and 
deficiency either 9 or 5. If the latter alternative should occur, we would 
have a maximal set of 75 MOLS of order 81 (which would be as large as 
possible according to the Metsch bound). 
In Section 5, we obtain the analogue of Corollary 3.7 for every prime 
power q of the form q = pa with p >/5 by quite different methods. 
4. EXTENSIONS OF TRANSLATION NETS WITH CRITICAL DEFICIENCY 
Continuing work of Bruck [6], Ostrom [35] has considered the 
question of embedding nets with critical deficiency, i.e., nets of square 
order s satisfying 
s= (d - l )  2 (4.1) 
(and also nets with slightly larger deficiency) into an affine plane. His main 
result is as follows: 
4.1. RESULT (Ostrom). Let D be a net of  order s=m 2 with critical 
deficiency d= m + 1. Then D has at most 2ds = 2(m + 1 )m 2 transversals; 
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equality occurs if and only if there are precisely two affine planes extending 
D. Moreover, these two planes are then related by the process of derivation 
(cf, for instance, Hughes and Piper 1-26] for this notion). 
We now consider the possible extensions of a translation net D with 
critical deficiency. As Result 4.1 shows, there is nothing comparable to 
Theorem 3.1 regarding the closure of nets with small deficiency. Moreover, 
the examples of Dow [-14] which we discussed in Remark 3.4 show that D 
may have extensions which are not translation nets. Nevertheless, some 
interesting results may be obtained; in particular, Theorem 3.2 remains 
valid, and any affine plane extending D is necessarily a translation plane. 
To prove these results, we need the following facts due to Bruck [6] and 
Ostrom E35]: 
4.2. LEMMA. 
d = m + 1. Then one has the following: 
Any two distinct transversals S and T of D which intersect in 
more than one common point have exactly m common points. 
No point of D is on more than 2(m + 1) transversals. 
I f  R, S, T are three distinct transversals uch that R meets 
• both S and T in m points, then S and T have at most one point 
in common. 
Let D be a net of order s=m 2 with critical deficiency 
(4.2) 
(4.3) 
(4.4) 
4.3. THEOREM. Let D be a translation et of order s = m 2, where m ~ 2, 
with critical deficiency d= m + 1 belonging to the PCP U in the group G, 
and let T be any transversal of D. Then the orbit of T under G forms a 
parallel class of transversals, and thus D can be extended to a translation et 
D T of deficiency d -1  which contains T and has the same translation 
group G. 
Proof By Corollary 2.3, G is an (elementary) abelian group; thus m is 
a power of a prime p, say m = pa. We now choose any component U of U; 
then one easily checks that T = { T+ u: u e U} is a parallel class of transver- 
sals. Let H be the stabilizer of T in  G, and note that H~ U= {0}. Thus the 
order of H divides s = m2; we put t = s/IHI. Thus the set S = { T+ g: g e G} 
consists of st transversals of D; we want to show t = 1. It is easily seen that 
each point is on exactly t transversals in S; thus (4.3) shows that 
t ~< 2(m + 1 ). As t divides s = m 2 --- p2a, we have 
t = pb for some b with 0 ~< b ~< a + 1. (4.5) 
Since m # 2, (4.5) shows that t is in fact a proper divisor of s---pZa; hence 
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H is a non-trivial subgroup of G. Now let T+x and T+ y be two distinct 
members of S, and assume that these two transversals have a point z in 
common. Since each element of H fixes both T+ x and T+ y, we conclude 
that the two transversals have all the images of z under H in common. 
Thus any two transversals in S are either disjoint, or their intersection is 
a union of cosets of H. Using the fact that H is non-trivial and taking (4.2) 
into account, we can be a little more precise: 
Any two transversals in S either are disjoint, or intersect in 
m points which split into m/lHI cosets of H. (4.6) 
Now (4.4) and (4.6) imply that there cannot be three mutually intersecting 
transversals in S. Hence no point can be on more than two transversals in
S, and we conclude that t ~< 2. If there would exist two intersecting trans- 
versals in S, then IHP =mZ/t would be a divisor of m by (4.6); thus we 
would also have t >~ m and obtain the contradiction m = t = 2. Hence any 
two transversals in S are disjoint, which indeed shows t= 1. Thus the 
parallel class S = T of transversals can be used to extend D to the desired 
translation et of deficiency d -1 .  I 
We note that the assumption m ~ 2 in Theorem 4.3 is required to rule 
out the following trivial situation: The group G = Z2 ® Z2• Z4 contains 
the maximal PCP with components U=Z2OZ 2 and V=Z 4, but the 
corresponding net of order 4 and deficiency d= 3 is clearly not transversal- 
free. We also have a further comment regarding the proof of Theorem 4.4: 
In terms of the PCP U describing D, H can be adjoined to U as a further 
component. Moreover, if we assume 0 ~ T, we clearly have T= H. This 
proves the following result which is essentially just a different way of 
stating Theorem 4.3: 
4.4. COROLLARY. Let D be a translation net of order s - -m e, where 
m ~ 2, with critical deficiency d = m + 1 belonging to the PCP U in the group 
G, and let T be any transversal of  D which contains O. Then T is a subgroup 
of G, and Ur  = U u { T} is a PCP with deficiency d -  1 in G. 
Since any maximal partial t-spread over GF(p), where p is a prime, is 
actually a maximal PCP, Theorem 4.3 immediately gives the following 
analogue of Theorem 3.2: 
4.5. COROLLARY. Let F be a maximal partial (2a-1) -spread in 
PG(4a -- 1, p), where p is a prime, and let D be the corresponding translation 
net. I f  F has critical deficiency d = pa + 1, then D is transversal-free. 
PARTIAL SPREADS AND TRANSLATION NETS 79 
We can now use any maximal partial spread in PG(3, p) with p2_p  lines 
(see Result 1.4) in Corollary 4.5 to obtain the first examples of transversal- 
free nets of critical deficiency: 
4.6. THEOREM. Let p be a prime >~ 5. Then there exists a transversal-free 
translation net of order s = p2 and deficiency d = p + 1. In particular, there 
exists a maximal set of p 2 - p - 2 MOLS of order p2. 
It is well known that there is no maximal partial spread with 6 
components in PG(3, 3), cf. Bruen [7]. This accounts for the fact that the 
existence problem for a maximal set of 4 MOLS of order 9 is still 
undecided, cf. 1-32]. In Section 6, we shall be able to extend Theorem 4.6 
to powers of primes p~>5 by constructing suitable maximal partial 
t-spreads of critical deficiency. 
We next show that the only affine planes completing a translation et 
of critical deficiency are translation planes. In fact, we can obtain the 
following somewhat stronger esult: 
4.7. THEOREM. 
d satisfying 
Let D be a translation et of order s v a 2, 4 and deficiency 
s> (d -  1) 2 -  (d -  1)/2, (4.7) 
and assume that D is imbeddable into an affi'ne plane A. Then A is a 
translation plane with the same translation group G. Moreover, i fD  is not of 
critical deficiency, then A is uniquely determined and arises by adjoining all 
transversals of D; also, the automorphism group of D is the stabilizer of D 
in the automorphism group of A. Finally, if s = (d -  1 )2, then D has at most 
2ds transversals with equality if and only if there are precisely two affine 
translation planes extending D (which are related by the process of 
derivation). 
Proof If D has small deficiency, the assertion holds by Theorem 3.1. 
Thus we may assume that s-G< (d -  1) 2. By hypothesis, D can be extended 
to an affine plane A; let S be the set of ds transversals extending D to A. 
If we have 
(d -  1 )2>s> (d -  1) 2 -  (d -  1)/2, (4.8) 
then the Corollary to Theorem 1 of Ostrom [35] shows that D has no 
further transversals. Since any automorphism of D has to permute the set 
of all transversals of D, it is then clear that Aut D is contained in Aut A. 
In particular, the translation group G of D is a group of automorphisms 
Of A which clearly respects parallelism. We still have to show that G 
actually fixes every new parallel class. As in [29], this is done by 
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considering the completion of A to a projective plane P. Any element u of 
G which is contained in one of the components U of the PCP U describing 
D fixes precisely s+ 1 lines of P, i.e., the s lines U+ g (g~G) and the line 
at infinity. By the orbit theorem, u also fixes precisely s + 1 points of P; 
since these cannot be affine points, u fixes the line at infinity pointwise and 
is therefore a translation of A. Since G is the product of any two com- 
ponents of U, all elements of G are translations of A, and A is a translation 
plane with translation group G. It remains to consider the case s = (d -  1)2. 
Clearly adjoining the transversals in the image Sg of S under an element g
of G to D completes D to an affine plane A g. By Result 4.1, there are at 
most two affine planes completing D, and thus at least half of the elements 
g e G have to fix S and thus are automorphisms of A. As in the previous 
case, these elements actually are translations of A. But it is then clear that 
all of G has to act as a group of translations of A. The remaining assertions 
are immediate from Result 4.1. | 
4.8. Remark. Note that a translation et D satisfying (4.7) has elemen- 
tary abelian translation group, even if it is not imbeddable into an affine 
plane, except for s - -2  and s--4;  this follows easily from Theorem 2.1 and 
direct consideration of some small values. D thus belongs to a partial 
t-spread over GF(p), and if D actually satisfies (4.8), t has to be even. 
(Otherwise, s=p t+l would be a perfect square, and then (4.8) cannot 
hold.) This case of Theorem 4.7 is at present only of academic interest, 
since no maximal partial 2a-spread in PG(4a+2, q) satisfying (4.7) is 
known; indeed, the only large examples known at present are the maximal 
partial 2-spreads with deficiency d=q 2 in PG(5, q) due to Bruen and 
Freeman [-12]. 
Regarding Theorem 4.7, we also remark that there are many examples of 
affine planes related by the process of derivation which are not translation 
planes, e.g., dual translation planes and the Hughes planes (and their 
respective derived planes); cf. Hughes and Piper [26]. Theorem 4.7 shows 
that the net of critical deficiency which is in common to such a pair of 
planes cannot be a translation et, then. 
In Theorem 4.6, we provided examples of translation ets D with critical 
deficiency without any transversals. Derivable affine translation planes give 
examples of translation ets with critical deficiency d which have exactly 
2ds transversals and thus admit two extensions to an affine translation 
plane. It may be of interest o also point out examples with exactly (d + 1 ) s 
transversals which split into d + 1 parallel classes d of which complete D to 
an affine translation'plane whereas the final parallel class extends D to a 
transversal-free translation et with deficiency d -1 .  This can be done by 
re-interpreting a construction due to Bruen [7]: 
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4.9. EXAMPLE. Let S be a regular spread of PG(3, q), where qv a 2, and 
let Ro and R1 be two reguli in S which intersect in exactly one line, say L. 
Replace R 0 by its opposite regulus R; to obtain a non-regular spread S'. (It 
is well known that S describes the Desarguesian plane PG(2, q2) whereas 
S' determines the Hall plane of order q2, but we do not require these facts.) 
Now omit from S' the q lines ~L  of R1 and one line M of R~ to obtain 
a partial spread F o of critical deficiency q + 1 in PG(3, q). Let z be the 
point of intersection of L and M, and let N be the line of R'l through z. 
Then Bruen I-7] shows that F = F o w {N} is a maximal partial spread of 
deficiency q in PG(3, q). It is not difficult to show (and at least implicit in 
[7]) that the only lines skew to all members of F0 are the lines in RI \{L} 
together with the lines M and N. If we now assume that q = p is actually 
a prime, it is obvious that the lines just described are the only components 
that can be added to the PCP Fo of critical deficiency p + 1. Also, F then 
determines a transversal-free translation net by Result 1.3. Hence D(Fo) 
has precisely (d+ 1)s = (p + 2)p 2 transversals behaving as desired. 
We conclude this section by strengthening Theorem 4.7 for the case of a 
translation net D of critical deficiency. It turns out that the possible 
extensions of such a translation et can be described rather precisely, even 
though the analogous result to Theorem 3.1 is not valid as the examples of 
Dow [14] discussed in Remark 3.4 show. But we shall see that Dow's 
construction is basically the only one providing extensions of D which are 
not translation ets. 
4.10. THEOREM. Let D be a translation net of  order s = m 2, where m vL 2, 
with critical deficiency d = m + 1 belonging to the PCP U in the group G, 
and let E be any net extending D. Then E is either a translation net with 
translation group G, or E is a transversal-free net with deficiency m. In the 
latter case, D also possesses at least two distinct extensions to a translation 
net of  deficiency m. 
Proof  Assume that E is not a translation et with respect o G, let P 
be a parallel class in E\D, and let T be the transversal in P containing 0. 
As E is not a translation et, P cannot be the orbit of T under G by 
Theorem 4.3. Thus there has to exist a transversal S through 0 which is not 
of the form T+ g and such that P contains some transversal in the orbit 
of S under G. By Corollary 4.4, any transversal X of D containing 0 is a 
subgroup of G, and Ux = U u {X} is a PCP with deficiency m in G. Note 
that the subgroups S and T of G cannot intersect in 0 only, since otherwise 
U u {S, T} would be a PCP, and thus any coset of S would meet any coset 
of T in precisely one point, contradicting the fact that the parallel class P 
contains cosets of both subgroups. By (4.2), the subgroup S c~ T of G has 
to have order m. Now (4.4) implies that P consists of cosets of S and T 
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only (since any further subgroup X involved in P would lead to three 
transversals S, T, and X of D which pairwise intersect in m points). Thus 
P arises by an appropriate selection of transversals in the two parallel 
classes S= {S+ g: g~G} and T= {T+ g: geG}.  It still remains to show 
that E is transversal-free. Assume the contrary, and let R be a transversal 
of E. In particular, R is a transversal of D, and thus R is a coset of a 
subgroup V of G. It is now easily seen that V has to intersect each of the 
subgroups UeU as well as S and T in precisely one point. Thus 
V= {V+ g: g~ G} extends both of the translation ets D s and Dr.  But 
then both S and T are transversals of the translation et Dv which has 
small deficiency m; now the Lemma of Bruck [-6] already quoted in the 
proof of Theorem 3.1 gives the contradiction t Sc~ TI = 1. | 
5. A METHOD FOR CONSTRUCTING MAXIMAL PARTIAL t-SPREADS 
In this section we shall describe a method for constructing maximal par- 
tial t-spreads which is based on ideas of Bruen [-73 and Beutelspacher [3]. 
We first consider the case t = 1: 
5.1. THEOREM. Let S be a regular spread in PG(3, q), where q>~4, and 
let R 0 and R1 be two reguli in S which intersect in exactly two lines, say L 
and M. Let U denote the partial spread of deficiency 2q obtained by omitting 
the 2q lines in R0wR1, and let L be a set of lines in PG(3, q) satisfying the 
following conditions: 
L is contained in the union R'o ~ R'I of the opposite reguli o fR  o 
and R 1. (5.1) 
Each point in L u M is on at most one line of L. (5.2) 
L contains at least one line from each ofR'o andR'l. (5.3) 
For each line G ~ (R~ u R'I)\L, at least one of the two points 
of intersection of G with L u M is on a line of L. (5.4) 
Then the set F = U u L is a maximal partial spread in PG(3,'q) with 
deficiency d=2q- ]L [ .  Moreover, any line not in F either lies entirely in 
P(Ro) ~ P(R1) (where P(X) denotes the set of points covered by the lines in 
a set of lines X) or contains at most 4 points not in P(F). 
Proof As the point set P(R) covered by the lines in a regulus R is the 
same as the point set covered by the opposite regulus R', it is obvious by 
(5.1) and (5.2) that F is a partial spread in PG(3, q). Now let K be any line 
not in F and consider the set K'=K\P(F ) .  As every point not in 
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P(Ro u R1) is on a line in U, K' is contained in P(R0 uR1). But the point 
set P(R) covered by the lines of a regulus R is a ruled quadric in PG(3, q), 
and thus the only lines of PG(3, q) which intersect P (RouR1)= 
P(Ro)uP(R~) in more than 4 points are the lines which are entirely 
contained in P(Ro) or in P(R1); i.e., the lines in the reguli Ro, R~, R;, or 
R'~. In particular, since q/> 4, any line X which is skew to every line of F 
has to belong to one of these four reguli. Because of (5.3), X cannot belong 
to R o or R~, and because of (5.4), X cannot be in R; or R' 1 either, and thus 
F is indeed maximal. | 
5.2. EXAMPLE. From (5.2), it is obvious that any set L satisfying the 
conditions in Theorem 5.1 contains at most q + 1 lines, and thus the maxi- 
mal partial spread belonging to L has deficiency at least q -1 .  We shall 
now discuss the case of equality. Put L o - -Ln  Ro. Since every line in 
R; u R' 1 meets both L and M, (5.2) can only hold if the lines in L 0 cover 
the same points of L u M as those in R'I \L. Thus L actually has to contain 
at least two lines from each of R; and R'I, strengthening (5.3) for this 
special case. We now add the requirement that L o should have the smallest 
possible size, i.e., ILol =2. As the proof of Theorem 3.6 of Bruen [-7] 
shows, it is indeed possible to select R 0, R1 and L satisfying all the condi- 
tions we have stated, provided that q>~5 is odd; in this way, Bruen 
obtained his examples of maximal partial spreads of deficiency q -1 .  We 
give a direct computational proof for this assertion in Example 6.1 below. 
We now show that any maximal partial spread of PG(3, q) which is con- 
structed by the method of Theorem 5.1 also is maximal when considered as 
a partial t-spread over some subfield F of GF(q) (for the appropriate value 
of t). This can be done in analogy to the proof of Theorem9 of 
Beutelspacher [-3] who considers the analogous construction for reguli 
intersecting in exactly one line. For the convenience of the reader, we 
include a proof. 
5.3. THEOREM. Let V= V(4, qS+~) be the 4-dimensional vector space 
over GF(qS+l), where q>~4, and denote by H the projective space 
PG(3, qS + 1 ) formed by the subspaces of V. Consider V as a (4s + 4)-dimen- 
sional vector space over the subfield GF(q) of GF(qS+l), and denote the 
corresponding projective space PG(4s + 3, q) by P. Thus the points and lines 
of H are particular s-dimensional nd (2s + 1)-dimensional subspaces of P. 
Now let F be a maximal partial spread of H constructed as in Theorem 5.1. 
Then F is also maximal when considered as a partial (2s + 1 )-spread of P. 
Proof. Note first that the points of H form a partition S of P into 
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s-dimensional subspaces, z thus each point v of P is contained in a unique 
s-dimensional subspace S, in S. Now assume the existence of a (2s + 1)- 
dimensional subspace U of P which is skew to every subspace in F. Then 
the point Sx of H cannot belong to P(F) for any x E U. Now choose a fixed 
point u ~ U, and let v be any point in U\Su.  The line Lu, of H determined 
by Su and S, is a (2s + 1)-dimensional subspace of P; since F is a maximal 
partial spread of H, we must have U ¢ L,v. Therefore U is the union of the 
proper subspaces U c~L,~, where v runs over the points in U\Su.  
Obviously, this requires that each point u of U lies in at least three distinct 
lines Lu~ of H. On the other hand, the q + 1 points w of U on the line uv 
of P (for any v ~ U\Su)  give rise to q + 1 distinct points Sw of Lu~ none of 
which lies in P(F). As q>~4, we conclude from Theorem 5.1 that L~ is 
entirely contained in P(R o w R~) and therefore belongs to one of the reguli 
Ro, R1, R~), or R]. Since we may assume w.l.o.g, that Su lies in only one 
of the two ruled quadrics P(Ro) and P(R1), say in P(R0), we conclude that 
L,~ has to be either the line in Ro or the line in R; through S, ,  contra- 
dicting the fact that there are at least three distinct choices for L,~. This 
contradiction proves the maximality of F as a partial (2s+ 1)-spread 
ofP.  | 
5.4. THEOREM. Let q be an odd prime power />5, and let s be any 
positive integer. Then there exists a maximal partial (2s + 1)-spread with 
deficiency qs+l_ 1 in PG(4s + 3, q). 
Proof  By Example 5.2, there exists a maximal partial spread F with 
deficiency q*+l -1  in PG(3, qS+l) which is constructed by the method 
of Theorem5.1. According to Theorem5.3, F is also maximal when 
considered as a partial (2s + 1)-spread in PG(4s + 3, q). | 
5.5. THEOREM. Let q be a power of  a prime >~5. Then there exists a 
transversal-free translation net of  order s = q2 and deficiency d = q - 1. In 
particular, there exists a maximal set of  q2 _ q MOLS of  order q2. 
Proof  Write q = pS+ 1. By Theorem 5.4, there exists a maximal partial 
(2s + 1)-spread with deficiency pS +1 _ 1 in PG(4s + 3, p). By Theorem 3.2, 
the corresponding translation et is transversal-free. | 
5.6. Remark. The only previously known examples of maximal partial 
(2s + 1)-spreads with the parameters of Theorem 5.4 have been constructed 
by Jungnickel [-29]. However, his examples only cover the case where q is 
not a prime; moreover, they all give rise to imbeddable translation ets, 
28 is what is (among eometers) usually called a geometric s-spread of PG(4s+ 3, q), but 
we do not really require this terminology and thus prefer to avoid it. 
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whereas the examples constructed now are also maximal as partial 
t-spreads over the corresponding prime field GF(p) (provided that p>~ 5) 
and then lead to transversal-free n ts. We also remark that Theorem 5.3 
answers a question posed in [29] by proving that Bruen's [-7] construction 
of maximal partial spreads of deficiency q -1  in PG(3, q) can lead to 
non-imbeddable translation nets. On the other hand, in [29] another 
variation of Bruen's method was used to produce the imbeddable xamples 
mentioned above. 
6. MORE MAXIMAL PARTIAL t-SPREADS 
We shall now use the method of Section 5 to construct further examples 
of maximal partial t-spreads and of maximal sets of MOLS. This requires 
the construction of suitable line sets L as described in Theorem 5.1. We do 
this by direct computation, using the same representation of a regular 
spread as given in Theorem X.9.21 of [2]. 
Let V = GF(q4); then V is a 2-dimensional vector space over its subfield 
K= GF(q2), say with base {1, d}, which in turn is a 2-dimensional vector 
space over its subfield F=GF(q). If {1,5} is a base for K over F, then 
{ 1, ~, d, ed} is a base of the 4-dimensional vector space V over F. Now let 
S= {aK: at  V*} (6.1) 
be the set of 1-dimensional subspaces of V over K; then S is a regular 
spread of the projective space PG(3, q)= PG(V). This is easily seen as 
follows: Any three lines in S can be written in the form aK, bK, and 
(a + b) K for some vectors a, b ~ V* which are linearly independent over K. 
Then the set 
Ra, b= {aK} u {()~a+ b) K: 2~F} (6.2) 
consists of q + 1 mutually skew lines in S. Since each of the q + 1 mutually 
skew lines of PG(V) in 
R'a.b={aF+bF}u{(l~+e)aF+(#+e)bF:#sF } (6.3) 
intersects each line in Ra, b, the two sets of lines form a pair of opposite 
reguli of PG(V). In the following examples, we use the reguli R 0 = RI, a and 
RI = Rl,~d; note that these two reguli intersect in the two lines L = 1K and 
the line M = dK. It will be convenient for the subsequent computations to 
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list the lines in these reguli and their opposites explicitly. Because of (6.2) 
and (6.3), we have 
R0 = {L} u {S~=(2+d)  K :2EF};  (6.4) 
R1 = {L} u { Tx = (Z + ed) K: 2 s r} ;  (6.5) 
R'o={L '=g+dr}u{S 'u=(p+e)F+(#+e)dF :#~r};  (6.6) 
R]={L '=r+edr}u{T '~=(#+e)F+(#+e)edr :p~r} .  (6.7) 
As (6.7) indicates, our computations will depend upon the choice of the 
base element e of K: since the term e 2 appears, the minimal polynomial of 
e is of importance in determining the intersections of lines in R; and R]. 
6.1. EXAMPLE. In our first example, we give the promised computa- 
tional proof for the result of Bruen [-7] discussed in Example 5.2. Thus we 
have to show that we may find two lines each in R; and R'I which cover 
the same four points of L u M, provided that q is odd. This turns out to 
be easy if we choose the base element e such that v = 8 2 is contained in F. 
Thus let v be any non-square in F, and let e be a root of v in K. Then the 
lines L' and S; of R~ contain the points F, eF, dF, and e dF of L u M; and 
the lines L" and T;  of R' 1 contain the points F, e dF, eF, and e2 dF= dF of 
LwM.  Thus the set L={L ' ,S 'o}u(R ' I \{L" ,  T~})is  a set of q+l  lines 
satisfying conditions (5.1) through (5.4). 
6.2. EXAMPLE. We now show that it is possible to find a set of q -  1 
lines satisfying conditions (5.1) through (5.4), if q~> 5 is odd. This will be 
a little more involved. We again begin with a suitable choice of the base 
element e which is adjoined to F in order to construct the quadratic 
extension K. Consider the equation 
x2-  x=7 over F=GF(q).  (6.8) 
(6.8) has a unique solution for y = -¼ and two solutions each for (q -  1)/2 
values of ~. Thus there are (q -1 ) /2  choices of 7 for which (6.8) is not 
solvable in F. We choose such an element 7 (so that the polynomial 
x 2 - x - 7 is irreducible over F) and also require ~ ¢ { 1, 2 }. In view of the 
preceding remarks, this is clearly possible for q ~> 7; for q = 5, we may take 
7 = 3. Thus we may assume our base element o satisfy 
ez=e+7,  where y6F \{1 ,  2}. (6.9) 
We now define a set L of q -  1 lines by putting 
L={S~,S]}u(R~\A) ,  where A={T 'o ,L" ,T ' I ,T 'v_ I}  (6.10) 
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and claim that L satisfies conditions (5.1) through (5.4). This is obvious for 
(5.1) and (5.3). Observe that the four points of L u M covered by So and 
S'I are the points of A = {eF, a dF, (1 + e) F, (1 + e) dF}, and that the lines 
of R'I through the points of A are just the four lines in A; this is easily seen 
using (6.7) and noting ( l+e)dF=7( l+e)dF=(7- -1+a)adF  which 
holds because of (6.9). This observation shows the validity of (5.2) and also 
of (5.4) as far as lines from R'I are concerned. It remains to show the 
validity of (5.4) for lines from R 0. Note that the four points in (L u M)\A 
covered by the four lines of A are the points of B={(7+e)dF ,  F, 
(7 + 2e) dF, (7 - 1 + e) F}; again, this is easily seen using (6.7) and (6.9). It 
now suffices to check that no two of the points in B are joined by a line 
in R0. But the line in R0 through F is L' which intersects M in the point 
dF¢ B; and the line in R0 through (7 - 1 + e) F is S'~ i which intersects M 
in the point (7 -  1 + ~)dF¢ B. Hence L indeed satisfies the conditions of 
Theorem 5.1, and we obtain the following result: 
6.3. THEOREM. Let q be an odd prime power >15, and let s be any 
non-negative integer. Then there exists a maximal partial (2s+ 1)-spread 
with deficiency qS +1 + 1 in PG(4s + 3, q). 
Proof By Example 6.2, there exists a maximal partial spread F with 
deficiency ¢+1+1 in PG(3,¢  +1) which is constructed by the method 
of Theorem5.1. According to Theorem5.3, F is also maximal when 
considered as a partial (2s + 1)-spread in PG(4s + 3, q). | 
6.4. THEOREM. Let q be a power of a prime >~ 5. Then there exists a 
transversal-free translation net of order s = q2 and deficiency d = q + 1. In 
particular, there exists a maximal set of qZ_q_  2 MOLS of order q2. 
Proof Write q = pS+ 1. By Theorem 6.3, there exists a maximal partial 
(2s + 1)-spread with deficiency pS+ 1 + 1 in PG(4s + 3, p). By Corollary 4.5, 
the corresponding translation et is transversal-free. I 
6.5. Remark. We note that Example 6.2 may also be used to produce a 
maximal partial (2s + 1)-spread with deficiency ¢+1 in PG(4s+ 3, q) for 
q>~5 (which is a case covered by Beutelspacher [-3]): Using the same 
notation as in 6.2, it is easily seen that L '=  {S0} w (R'I\{T 0, L"}) is a set 
of q lines satisfying conditions (5.1) through (5.4). 
It seems clear that our method could also be used to produce examples 
of maximal partial spreads (and then also of corresponding maximal 
partial t-spreads) of larger deficiency, i.e., d>~ q + 2. However, the required 
computations will become more and more involved. From (5.4), it is clear 
that any set L which can be used in Theorem 5.1 has to contain at least 
1 +q/2 lines; however, it seems not very likely that this bound can be 
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achieved. In any case, maximal partial spreads with these parameters are 
known by Result 1.4; the corresponding maximal partial t-spreads would 
be new. However, they would not yet give maximal sets of MOLS, since no 
result comparable to Theorem 3.2 and Corollary 4.5 is known for trans- 
lation nets with deficiency d satisfying s < (d -  1 )2. Even if s is a square, say 
s = m 2, the next open case d= m + 2 seems difficult to handle. 
7. TRANSVERSAL-FREE TRANSLATION NETS WITH LARGE DEFICIENCY 
Up to now, we have been concerned with the study of translation ets 
with small or critical deficiency, i.e., with deficiency in the order of 
magnitude of x/~ only. In this final section, we use recent work of Evans 
[17] to exhibit some series of transversal-free translation ets with few 
parallel classes, i.e., of large deficiency. Since this requires several notions 
not yet encountered in this paper, we omit some details to keep this section 
reasonably brief. 
All our examples belong to an abelian translation group and may 
therefore be described by a set of fixed-point-free group automorphisms. 
To be precise, we use the following result which is a special case of much 
more general results of [1, 22] about translation ets for which at least one 
component of the corresponding PCP is a normal subgroup: 
7.1. RESULT. Any translation (s, r)-net D with an abelian translation 
group G can be represented as follows: One has G = H x H for  a suitable 
group H o f  order s which admits r -2  f ixed-point-free automorphisms 
~1 . . . . .  ~r 2 such that c~i-ct j is also f ixed-point-free whenever i¢ j ,  
i, j = 1, ..., r - 2. Moreover, D belongs to the PCP  U = { Uo ..... Ur 1 }, where 
one has Uo=H×{0},  Ur- I={O}×H,  and Ue={(h,~i (h) ) :h~H} fo r  
i=  1, ..., r -  2. Finally, the matrix D = (dih)i= o ....... 2 with entries doh = 0 and 
dih = ~i(h) for  h E H and i= 1 ..... r -  2 is an (s, r -  1 )-difference matrix over 
H (which just  means that the differences dih -- djh (h ~ H)  determined by any 
two distinct rows o f  D contain each element o f  H exactly once). 
We can now investigate the maximal translation ets with a translation 
group which is the direct product of two cyclic groups of order q for some 
prime power q: 
7.2. THEOREM. Let  q=pn be a power o f  the prime p, and let 
G = Zq • Zq. Then every maximal translation net D o f  order q with trans- 
lation group G has degree r = p + 1 and is actually transversal-free. 
Proof  By Result 7.1, D belongs to a set {~1 ..... ~r--2} of fixed-point- 
free automorphisms of Zq. Clearly any ~i has to have the form ~: z -~ ciz 
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for some integer ci e { 1 ..... q - 1 } which is not divisible by p. Since ~ i -  7j 
is also fixed-point-free whenever i~ j ,  we also have the condition that 
G-e j  is not divisible by p whenever iC j  ( i , j= l  .... , r -2 ) .  Thus 
Cl, ..., Cr 2 yield pairwise distinct non-zero residues mod p. Now the maxi- 
mality of D implies r=p+l ;  re-labelling the ~,  we may assume c~- i  
(mod p) for i = 1, ..., p -  1. We also put Co = 0. Then the difference matrix 
D = (diz)i=o, ...,p_ ~;~-o,..., q-1 associated with D by Result 7.1 has entries 
dzz = ciz with ci -=- i (mod p) for i = 0, ..., p - 1 
and is therefore of the form considered by Evans [17]; his Theorem 3 
guarantees that D is a maximal difference matrix. But then the net D 
belonging to D is transversal-free; see, e.g., [2, Theorem X.12.8]. | 
7.3. Remark. Note that for n = 2 the nets described in Theorem 7.2 and 
its proof are the only transversal-free translation ets of order s = p2 and 
degree r = p + 1 which have an abelian translation group: The only other 
abelian group G of order p4 containing three disjoint subgroups of order p2 
is the elementary abelian group. But any maximal PCP in G can be viewed 
as a maximal partial spread in PG(3, p) and therefore has at least 2p com- 
ponents by a result of Glynn [20]. Hachenberger [-21] has shown that the 
maximum number of components of a PCP over any non-abelian group of 
order p4 is bounded by p+ 1; for every prime p, there are exactly two 
non-abelian groups achieving this bound. It is not known whether these 
PCP's lead to transversal-free translation ets. 
Finally, we use Evans' results to determine the possible orders of trans- 
versal-free (s, p + 1)-translation ets for multiples s of a prime p: 
7.4. THEOREM. Let p be a prime, and let s be a multiple of  p. Then there 
exists a transversal-free translation net o f  order s and degree p + 1 if  and 
only if one has 
P <~ qi for every factor in the prime power factorization s = ql "'" q, of  s. 
(7.1) 
Proof  As shown in [30], the existence of any (s, p + 1)-translation et 
implies the validity of (7.1). Now assume that this condition is satisfied. 
W.l.o.g., let q=q l  be a power of p, and let U1 be a (q, p+ 1)-PCP in 
Zq G Zq as in Theorem 7.1. Because of (7.1), we also have (qi, P + 1)-PCP's 
Ui in the elementary abelian group EA(q~) for i=2,  ..., n. The direct 
product of these n -1  PCP's is an (s/q, p + 1)-PCP U over an abelian 
group G. Let D t and D be the difference matrices corresponding to U~ and 
U, respectively (cf. Result 7.1). Then the (s, p + 1)-translation et D which 
belongs to the direct product of U1 and U can also be described by the 
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difference matrix E which is the direct product of D1 and D. In terms of 
Latin squares, we obtain from E a set S of p -  1 MOLS of order s which 
are the Kronecker products of the p - 1 MOLS of order q belonging to D, 
with the p -  1 MOLS of order m = s/q belonging to D. But the matrix D 
has the property that mD is maximal (see Theorem 3 of Evans [17]), 
since p does not divide m. Then Theorem 1 of Evans [17] shows that S is 
a maximal set of MOLS; therefore, the (s, p + 1)-net D corresponding to S 
is a maximal net. However, as a translation et, D then actually has to be 
transversal-free. I 
7.5. Remark. As Theorem 7.2 shows, the abelian p-groups of the form 
G = Zq ® Zq have the following remarkable property: 
Every maximal PCP in G defines a translation net with 
translation group G which is actually transversal-free. (7.2) 
This would seem to be a rather strong property, and there is no  reason 
why it should be true in general. For instance, if G is the group Z 2 G Z2 (~ 
Z4 G Z4, then the largest PCP's in G have three components by the results 
of [1 ]; but the corresponding difference matrices only have two rows and 
are therefore not maximal. All maximal difference matrices over Z2 • Z4 
have exactly four rows; see [32]. This might suggest restricting attention to 
those groups which are direct products of a group of the form Zq; let us 
call such p-groups homogeneous. One of the simplest examples is the group 
G = HG H where H = (Z2)4; here H admits a maximal set of three fixed- 
point-free automorphism and thus G admits a maximal (16, 5)-PCP. 
Todorov [38] has checked that the corresponding difference matrix is 
indeed maximal, and thus (7.2) might hold for G. However, deciding which 
homogeneous p-groups satisfy property (7.2) seems to be extremely dif- 
ficult. In fact, the author does not even know whether this property holds 
for all elementary abelian groups. Using the computational results of [32] 
and the fact that the sizes of maximal partial 2-spreads in PG(5, 2) and of 
maximal partial spreads in PG(3, 3) are known (see [12, 7], respectively), 
we find that (7.2) holds for the elementary abelian groups of orders 8 and 
9. If property (7.2) could be shown to be true for all elementary abelian 
groups, we would with this one result obtain a wealth of maximal sets of 
MOLS, since then any maximal partial t-spread over GF(p) would 'give us 
a transversal-free translation et. In particular, we could apply this to the 
maximal partial spreads of Heden [24] discussed in Result 1.4. This might 
be some indication of how difficult the problem in question most likely is. 
Perhaps it would be more realistic to search for a counterexample to (7.2), 
i.e., for a maximal partial t-spread over GF(p) for which the corresponding 
translation et admits a transversal. As far as the author is aware, no such 
example has been obtained yet. 
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